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Figure 11. Aerial photograph of location 3 

 

Figure 12. Aerial photograph of location 4 

 

Figure 13. Aerial photograph of location 5 
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Figure 14. Aerial photographs of location 1 

The traffic flow patterns during morning and afternoon peak periods are not significantly 

different. During the morning peak period, traffic flow is mostly concentrated on route 35 

northbound, whereas during the afternoon peak period the traffic is heavier on route 66 

eastbound. 

 

Accident reports for 2000 to 2002 were provided by the Nepture and Ocean township 

police departments. Table 26 shows the accident history for these years. Table 27 

shows the number of accidents based on severity. According to Table 26, there is a 

clear pattern in the accident types. Same direction, rear-end and sideswipe accident 

types have a high percentage of occurrence. The obvious reason to this pattern is the 

lack of striping and signage, and as well as high-speed levels in the circle. 

 

Table 26. Asbury circle accident summary for 2000 to 2002 

Collision Type Count % of Total 2002 Average 

Same Direction Rear End 81 42.2 %  

Same Direction Sideswipe 62 32.3 % 16.9% 

Angle 21 11.0 %  

Head On 2 1.0 %  

Fixed Object 24 12.5 % 10.4% 

Other 2 1.0 %  
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Table 27. Asbury circle accident summary for 2000 to 2002 

Severity Count % of Total  2002 Average 

Fatal 0 0  

Injury 48 25%  

Property Damage 144 75% 68.21% 

 

The accident statistics in Table 27 shows the striking 25% of injury accidents. This is a 

coincidence of the high-speed levels and the roadway geometry.  It can be seen in the 

aforementioned figures above that the angle of the approach directions are almost 

perpendicular to the yield-controlled roadway directions. The oncoming traffic is not 

subject to any curved roadways or rumble strips as it approaches the circle. Injury 

accidents are most frequent where the speed differential between the approach vehicle 

and the yielding vehicle is high. In other words, if a vehicle at the yield approach makes 

an incorrect gap acceptance the impact of the crash will be more severe.  

 

Figure 15 shows the simulation model of the circle developed in PARAMICS software. 

The network consists of 148 nodes, 163 links, and 21 OD zones. 
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Figure 15. Asbury circle simulation model developed in PARAMICS 

Model Verification 

The simulation model of the circle is simulated at varying levels of traffic volumes and 

using different random number streams to observe whether vehicles actually behave 

reasonably (i.e. correct turns, accepting priority movements at junctions, proper lane 

changing, and using correct lanes while exiting the roadway).  

Description of Data 

Traffic data were collected at the circle on 31 October 2003 from 7 a.m. to 5 p.m.  The 

POGO (Figure 4) was located at the west side of the circle with cameras directed at 

locations 4 and 5 (Figure 10). The portable mast with a Sony camcorder and an omni-

directional camera were located at the east side of the circle with the camera directed at 
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locations 1 and 3. Location 2 is monitored by a camcorder. The recorded traffic data 

were then extracted in Rutgers Intelligent Transportation Systems Laboratory. The 

extracted data include: (1) vehicle counts at every hour; (2) vehicle inter-arrival times at 

approaches; (3) vehicle wait times before yield signs at the selected locations; and (4) 

gap acceptance/rejection times at the selected locations. 

Model Validation and Calibration Efforts 

Model validation process is twofold: Subjective tests (face validation) and objective 

tests.  The ground-truth data collected and extracted are used in objective tests. The 

ground-truth data involves one-day of real system data. A thorough objective test 

requires a set of real system data to statistically compare the simulation and ground-

truth data. However, collecting and extracting the data set of a single day is a very long 

and costly process. Therefore, as it was postulated in the statistical analysis of the 

Collingwood Circle and the Brooklawn Circle, if the confidence interval of a given output 

variable built by the simulation data covers the observed level of the output variable, 

then it is assumed here that the simulation model of Asbury Circle is valid.  

Modeling of Origin – Destination Matrices 

The same procedure conducted for the Collingwood Circle and the Brooklawn Circle 

before was followed for the Asbury circle. The OD demand matrix was generated based 

on 12 locations by trial and error method4. 

Modeling of Inter-arrival Times 

The inter-arrival of vehicles at Asbury Circle approaches is affected by the traffic signal 

timings near the facility. There are four traffic signals in the vicinity of Asbury circle that 

regulate the traffic directed to the circle. The locations of these traffic signals are circled 

in Figure 15.  

 

                                            
4
 In addition to the 12 locations where the ground-truth data were collected and extracted, NJDOT 

provided turn counts at 4 traffic signals near the circle 
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The signal timing plans of these signalized intersections were provided by the NJDOT, 

and were coded using the actuated signals feature in PARAMICS. The inter-arrival time 

comparison of the ground-truth data and the simulated data is presented in the 

validation results section. 

Modeling of Gap Rejection 

The default gap rejection model of PARAMICS does not reflect realistic vehicle behavior 

at yield signs. At the selected locations in the network, the use of default yield control 

operation of PARAMICS does not yield realistic entry wait times. Without a location 

specific gap rejection model it is not possible to model the circle accurately, because the 

capacity of the circle is closely related to vehicle’s gap rejection times. The API feature 

of PARAMICS was used to model the gap rejection behavior of vehicles at Asbury 

circle. Gap rejection data were extracted at the locations 1, 2, 4, and 5. 

 

Chi-square goodness-of-fit tests were also performed for Asbury Circle to determine 

whether the gap rejection of vehicles follows a negative exponential probability 

distribution. The results are shown in Table 28 and Table 29. The use of these models 

in the simulation via the API feature of PARAMICS is explained in Collingwood Circle 

Modeling of Gap Rejection section. 

 

Table 28. Chi-Square test of gap rejection data, a.m. period 

Location 2χ  (Observed) 90.0,1
2

−kχ  Remark Parameters 

1 13.3 14.684 
0H accepted =α 1.00, =β  1.059 

2 13.0 

 

14.684 
0H accepted =1α 0.5, =β  1.279 

4 4.8 14.684 
0H accepted =1α 1.50, =β  0.762 

 

5 4.27 14.684 
0H accepted =α 2.00, =β  0.864 

Note: α is the shift parameter and β is the sample mean of the data set. 
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Table 29. Chi-Square test of gap rejection data, p.m. period 

Location 2χ  (Observed) 90.0,1
2

−kχ  Remark Parameters 

1 5.4 14.684 
0H accepted =α 1.75, =β  1.00 

2 9.6 14.684 
0H accepted =1α 0.7, =β  1.040 

4 7.53 14.684 
0H accepted =1α 1.20, =β  0.645 

 

5 7.2 14.684 
0H accepted =α 1.75, =β  0.859 

Note: α is the shift parameter and β is the sample mean of the data set. 

 

The parameter values presented in Table 28 and Table 29 were calibrated to meet the 

actual system wait time outputs. For instance, as it is explained in the gap 

rejection/acceptance analysis section of the Brooklawn Circle that gap 

rejection/acceptance behavior of vehicles differs based on the lane they occupy. 

Therefore, the parameters shown in the table above was calibrated for inner and outer 

lanes. Data collected for the other circles show that inner lane vehicles have a lower 

critical gap value than the outer lane vehicles (Figure 9). Furthermore, gap acceptance 

of vehicles is often affected by the lane index of the approaching vehicle.  

 

The validation and calibration analysis could be improved based on the above 

assumptions. As mentioned in the Microscopic Simulation Approach section, that as the 

study network increases, the input and output variables needed for validation and 

calibration analysis increase considerably. In addition to the increased effort spent on 

statistically validating the simulation model with higher number of variables, collecting 

and extracting the ground truth data is an equally important task. In the Asbury circle 

analysis, the study area is wider compared with the Collingwood and the Brooklawn 

circles. Thus, the required number of video equipment increases. Even with the video 

surveillance equipment described in the Description of Data section, the quality of 

recording did not allow for easily distinguishing the lane index of yielding and 

approaching vehicles during data extraction.  
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Results 

The Asbury circle differs from the other two circles by its geometry and the capacity of 

its infrastructure. As in all yield-controlled traffic facilities, the efficiency of this network is 

related to the gap rejection/acceptance behavior of drivers and the interarrival times of 

vehicles on approach. It is observed in the collected ground truth data that the facility 

does not experience long queues or considerable delays.  

 

Locations 1, 2, 4 and 5 are selected in validation analysis of the simulation network 

(Figure 10). These locations carry a high number of vehicles and have considerable 

impact on the overall network performance. Location 3, although carrying a high number 

of vehicles, has little effect on the overall system performance, and location 6 does not 

have heavy traffic load.  

 

The average wait time at yield signs and the inter-arrival times are the output variables 

used in the validation analysis. Location 2 operates as a U-turn facility, providing access 

between route 66 and route 16.  Table 30 displays the actual values of these variables, 

as well as the confidence interval obtained by the simulation model for morning and 

afternoon peak periods, respectively. The simulation model is simulated with 

independent replications until model outputs attain a confidence level of 95% with a 

relative error of 5% for the selected locations. Because the probability distribution of the 

selected output variables is not know, using the central limit theorem the sampling 

distributions of the population means are assumed to be almost normal with unknown 

variances. Student t-distribution is used to construct the 95% confidence interval for the 

population mean. 
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Table 30. Asbury Circle simulated and observed system outputs  

 Location Average Wait Time Average Inter Arrival Time 

  Simulated Observed Simulated Observed 

 1 [1.91, 2.17] 2.45 [4.63, 4.87] 4.52 

Morning Peak  2 [7.85, 8.75] 7.12 [2.57, 2.68] 2.58 

(7:00-9:00) 4 [2.49, 2.78] 2.77 [3.0, 3.12] 3.13 

 5 [1.78, 1.985] 1.98 [4.94, 5.11] 5.22 

  Simulated Observed Simulated Observed 

 1 [2.29, 2.485] 2.48 [5.38, 5.60] 4.74 

Afternoon Peak  2 [5.87, 6.27] 5.54 [2.19, 2.23] 2.36 

(15:00-17:00) 4 [3.59, 3.82] 3.74 [2.25,2.31] 2.74 

 5 [2.81, 2.96] 3.07 [3.05,3.11] 3.04 

 

According to Table 30, some of the output ranges obtained from multiple simulation 

runs do not cover the observed average value of the observed system output. In the 

validation analysis of Collingwood Circle and Brooklawn Circle, there is always a 

difference between the data collection capabilities of the simulation software and the 

analyst.  

 

Table 31 shows the average network travel time of the Asbury circle simulation model. 

Average network travel time is the sum of travel times of all vehicles in the network 

during the peak period divided by the total number of vehicles. Although there are no 

alternatives considered by NJDOT at this time for the Asbury circle, the efficiency of any 

future operational and safety design alternatives can be evaluated using the average 

network travel time as a performance measure.  

Table 31. Asbury circle average network travel time results 

 Average Network Travel Time (sec) 

Morning Peak Period [186.1, 188.1] 

Afternoon Peak Period [206.25, 211.01] 
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The developed simulation model of Asbury circle is valid based on the actual system 

output variable, i.e. average wait time and interarrival time. However, as performed in 

the model development of the other two circles, it is required to test the sensitivity of the 

model based on the variation of input variable values. 

Sensitivity Analysis 

Normally, if the selected simulation output is sensitive to minor changes in the input, 

then the model should be revised accordingly. Because there is no proposed design 

alternative, only the sensitivity analysis of the current design of the circle is performed 

for Asbury Circle.  

 

The efficiency of the circle is related to the gap rejection of vehicles at locations 1, 2, 4 

and 5. Delays that occur at these locations highly affect the other locations both during 

morning and afternoon peak periods.  It should also be observed whether the model is 

sensitive to the mean of the exponential gap rejection probability distribution as shown 

in Table 28 and Table 29. Other important input variables are the target mean reaction 

time and target mean headway of vehicles.  In total, there are 6 input variables that 

should be included in the sensitivity analysis. The effect of minor changes to these 

variables should be observed based on the average network travel time of the study 

network (response). However, in 2k factorial method, the use of 6 input variables in the 

analysis requires 26 different scenarios to be simulated. This requires 128 different 

scenarios in total (morning and afternoon peak periods).  Since each scenario requires 

at least 10 independent simulation runs to obtain statistically valid system response, the 

total number of simulation runs to be performed is at least 1300. Each simulation run of 

Asbury circle model takes approximately 8 minutes in batch mode. This corresponds to 

approximately 7-8 days of continuous run time. Because this required run time is highly 

meticulous, locations 2, 4 and 5 were included to test the sensitivity of the gap rejection 

model parameters, as well as the target reaction time in the analysis. 
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Table 32 and Table 33 show the levels of each input factor and the response values for 

the current design at morning and afternoon peak periods, respectively. 95% confidence 

interval with a relative error of 5% for the morning peak response value is [186.8 – 

188.3] and for the afternoon peak is [204.1, 213.1]. 

 

Table 32. 24 factorial design matrix for Asbury Circle during a.m. period 

Factor 
Combination 

Location 
2 

Location 
4 

Location 
5 

Reaction 
Time 

Average 
Network Travel 
Time 

1 + + + + 189.9 
2 + + - + 188.8 
3 + - + + 189.0 
4 + - - + 188.8 
5 - + + + 189.2 
6 - + - + 188.2 
7 - - + + 188.1 
8 - - - + 188.2 
9 + + + - 186.3 

10 + + - - 186.5 
11 + - + - 186.3 
12 + - - - 185.9 
13 - + + - 186.5 
14 - + - - 186.3 
15 - - + - 186.3 
16 - - - - 186.2 

Note: +, and – indicate +0.3 and –0.3 changes in the mean of gap rejection distribution, and +0.2 and –

0.2 sec change in the target reaction time variable 
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Table 33. 24 factorial design matrix for Asbury Circle during p.m. period 

Factor 
Combination 

Location 
2 

Location 
4 

Location 
5 

Reaction 
Time 

Average 
Network Travel 
Time 

1 + + + + 215.9 
2 + + - + 216.6 
3 + - + + 214.2 
4 + - - + 215.3 
5 - + + + 225.0 
6 - + - + 214.5 
7 - - + + 211.1 
8 - - - + 217.3 
9 + + + - 201.7 

10 + + - - 200.9 
11 + - + - 200.4 
12 + - - - 200.1 
13 - + + - 202.5 
14 - + - - 201.4 
15 - - + - 200.2 
16 - - - - 200.1 

Note: +, and – indicate +0.3 and –0.3 changes in the mean of gap rejection distribution, and +0.2 and –

0.2 sec change in the target reaction time variable 

 

The sensitivity analysis results show that with minor changes in the simulation model 

parameters do not drastically change the results.  

CBA Results 

The safety analysis shows that the alternative geometric and operational design is 

expected to reduce the accident rates by 13% based on Maycock and Hall estimation 

method and by 18% based on Arndt estimation method.  Table 27 shows the number of 

injury and property damage accidents between 2000 and 2002. According to the unit 

accident cost estimates presented in Miller and Moffet (8), average accident cost of 

these years can be estimated approximately as $2 Million per year.  

 

The simulation analysis of the alternative geometric design of Asbury circle showed that 

even with the alternative design the facility is estimated to fail in five years with a 1.5% 

annual traffic growth rate. The cut-off year is found out as the 4th year, where the 

average network travel time is between [202.7, 566.5] seconds. The analysis also 
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showed that the facility fails during the afternoon peak period faster than during the 

morning peak period. Finally, the projected traffic growth was applied to the base case 

(do-nothing scenario) and the results showed that during the afternoon peak period, the 

current geometric and operational design of Asbury Circle is expected to fail at 5th year. 

Therefore, the alternative design does not improve the facility regarding the operational 

efficiency. 

 

Although the simulation analysis of the current and alternative design portrays a grim 

description of the facility during the afternoon peak period in the following years, the 

analysis of future operational efficiency can be misleading due to the inability to 

estimate driver route choices and gap acceptance behavior under increased traffic 

volumes. 

CONCLUSIONS  

Several major difficulties are faced when using traffic simulation for project evaluation. 

First difficulty is understanding human behavior. The efficiency of traffic networks is 

largely affected by driver characteristics, as well as infrastructure characteristics. The 

simulation model development becomes complicated both in computer modeling of the 

simulation and in validation steps. Second and more important difficulty is developing a 

statistically valid simulation model. The analyst must remember that as the size of the 

network increases, the data requirements increase even more. Because collecting 

system data is costly and time consuming, most traffic simulation practitioners resort to 

calibration, which reduces the confidence in model results. A slight increase in the 

available system data increases the model confidence considerably (13). 

 

In this report, the available off-the-shelf computerized tools that can model and analyze 

roundabouts and traffic circles were reviewed. The traffic circles that were analyzed in 

this project are not roundabouts, but traffic circles with unusual geometric and 

operational designs. Therefore, commonly used deterministic roundabout analysis 

models such as RODEL, aaSIDRA, HCS are not applicable for modeling of these traffic 
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facilities, where the priority movements and geometric characteristics are different than 

those of regular roundabouts. PARAMICS is one of the few simulation software 

packages that can model and analyze such unconventional traffic circles. The use of a 

microscopic simulation tool offers various analysis capabilities. Instead of analyzing the 

system as a series of approaches, the system can be evaluated as a complete network. 

For instance, the signalized and unsignalized intersections located in the vicinity of the 

circle can be included in the system, and the arrival patterns of the vehicles into the 

circles can be modeled realistically. The impact of various changes to the operational 

and geometric designs can be evaluated using vehicle-by-vehicle data not only at the 

traffic circle, but also at the network level.  

 

Although microscopic simulation tools offer a variety of input-output analysis options, 

the analyst should still assess and ensure the validity of the model input parameters. 

Every traffic facility has distinct characteristics whether it is a traffic circle, roundabout, 

intersection or freeway corridor. Extensive validation/calibration efforts might be 

required when the system is evaluated by using either deterministic or stochastic tools. 

The extent of these efforts depends on the characteristics of the facility and the scope of 

the analysis. 

  

Gap acceptance/rejection behavior of vehicles in traffic circles has a dominating impact 

on the performance of the developed simulation models. The default gap 

acceptance/rejection behavior model of PARAMICS fails to simulate the study circles 

accurately. Extensive field data were required to represent site-specific gap 

acceptance/rejection behavior of drivers. 

 

In this study, the steps of model development and validation of Collingwood, Brooklawn 

and Asbury traffic circles were summarized. These traffic facilities cover a relatively 

small area. Even for these relatively small networks, the required quantity of data was 

quite significant. However, to obtain a statistically valid simulation model, even more 

system data were required.  As Law and Kelton (6) states “Validation is not something to 

be attempted after the simulation model has already been developed. Instead model 
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development and validation should be done hand-in-hand”. As more system data are 

obtained, the simulation model should be improved. 

 

As mentioned in various sections of the report, as the network size increases the 

required surveillance resources to monitor the facility increases as well. Regarding data 

collection difficulties, the Collingwood Circle input variables were easier to collect and 

extract because of its relatively smaller size. Brooklawn Circle includes two small circles 

located closely. The omni directional camera could monitor the west circle with only one 

approach, whereas POGO could monitor the east circle and all approaches Asbury 

circle data collection required a careful camera set up to capture the most of the 

vehicular traffic. However, because the area is wider than the surveillance resources 

could manage, the data extraction could not include gap rejection and interarrival data 

based on lanes as mentioned in the Modeling of Gap Rejection section of Asbury Circle. 

 

The results of the simulation analyses of three circles can be summarized briefly as 

follows.  

 

• The proposed operational and geometric design of Collingwood Circle is not 

expected to adversely affect the mobility in the network. Furthermore, under 

increased traffic volumes the new design performs better than the current design 

owing to the yield-at-entry rule, which prevents lock-ups within the circle.   

 

• The analysis of the current and proposed operational design of Brooklawn traffic 

circle shows that the mobility of the network does not change considerably with 

the new design alternative. Furthermore, the addition of the new traffic signal at 

the Old Salem Road and route 130 intersection is estimated to worsen the 

afternoon peak period queues on route 130 SB. 

 

• Currently, the NJDOT does not have a proposed alternative design for Asbury 

Circle. The simulation analysis of the current design showed that the facility is 

expected to fail within five years during the afternoon peak periods with an 
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assumed 1.5% increase in traffic growth rate. The new geometric design, as 

proposed by the RPI team, although increasing safety by 13-18%, does not 

prevent the failure of the system in the following years. However, the analysis of 

the system efficiency under projected demands can be often misleading due to 

various reasons as explained within the report.  

 

In conclusion, this report presents a development and analysis of simulation models of 

three traffic circles in New Jersey using PARAMICS simulation software. These 

simulation models were validated using ground truth data collected at each circle. The 

novelty of the analyses presented lies in: (1) Statistically valid simulation model 

development and sensitivity analysis of the circles, and (2) The integration of the 

developed probabilistic gap rejection models at the yield controlled approaches using 

the API feature of PARAMICS.  
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APPENDIX- THE 2K FACTORIAL DESIGN                                                

In many simulation studies a great deal of time and money is spent on model 

development and programming, but little effort is made to analyze the simulation output 

data appropriately. A very common mode of operation is to make a single simulation run 

of somewhat arbitrary length and then to treat the resulting simulation estimates as the 

“true” model characteristics. Since random samples from probability distributions are 

typically used to drive a simulation model through time, these estimates are just 

particular realizations of random variables that may have large variances. As a result, 

these estimates could, in a particular simulation run, differ greatly from the 

corresponding true characteristics for the model. The net effect is that there could be a 

significant probability of making erroneous inferences about the system under study. 

 

Because of the importance of applying appropriate statistical analyses to the output 

from a simulation model of a single system, simulations of alternative system 

configurations should be discussed, and their results should be examined and 

compared. In a situation where there is less structure in the goal of the simulation study, 

we might want to find out which of possibly many parameters and structural 

assumptions have the greatest effect on a performance measure, or which set of model 

specifications appears to lead to optimal performance. In simulation, experimental 

design provides a way of deciding before the runs are made which particular 

configurations to simulate so that the desired designed experiments are much more 

efficient than a “hit-or-miss” sequence of runs in which we simply try a number of 

alternative configurations unsystematically to see what happens.   

 

In experimental design terminology, the input parameters and structural assumptions 

composing a model are called factors, and the output performance measures are called 

responses. The decision as to which parameters and experimental factors depend on 

the goals of the study rather than on the inherent form of the model. Also, in simulation 

studies there are usually several different responses or performance measures of 

interest. Factors can be either quantitative or qualitative. Quantitative factors naturally 
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assume numerical values, while qualitative factors typically represent structural 

assumptions that are not naturally quantified. Factors can also be classified as being 

controllable or uncontrollable, depending on whether they represent action options to 

managers of the corresponding real-world system. Usually we shall focus on 

controllable factors in simulation experiments, since they are most relevant to decisions 

that must be made about implementation of real-world systems. In a mathematical 

modeling activity such as simulation we do, after all, get to control everything, 

regardless of actual real-world controllability. 

 

In the early stages of experimentation, when we do not know exactly which factors are 

important and how they might affect the responses, the 2k factorial design is pretty 

useful. We want to get an initial estimate of how each factor affects the responses given 

that there are k (k ≥ 2) factors. We might also like to determine whether the factors 

interact with each other, i.e., whether the effect of one factor depends on the levels 

(various values) of the others. An economical strategy, called a 2k factorial design, 

requires that we choose just two levels for each factor and then call for simulation runs 

at each of the 2k possible factor-level combinations, which are sometimes called design 

points. Usually a minus sign is associated with one level of a factor and a plus sign with 

the other; which sign is associated with which level is arbitrary, although for quantitative 

factors it may be less confusing if the minus sign is associated with the lower numerical 

value. No general prescription can be given for how one should specify the levels. The 

form of the experiment can be compactly represented in tabular form. The following 

table is an example for k = 3. 
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Table 1. Design matrix 

Factor 
combination 
(Design point) 

 
Factor 1 

 
Factor 2 

 
Factor 3 

 
Response 

1 − − − R1 

2 + − − R2 

3 − + − R3 

4 + + − R4 

5 − − + R5 

6 + − + R6 

7 − + + R7 

8 + + + R8 

 

Here the variables Ri for i = 1, 2, Y, 8 are the values of the response when running the 

simulation with the ith combination of factor levels. For instance, R6 is the response 

resulting from running the simulation with factors 1 and 3 at their respective “+” levels 

and factor 2 at its “−” level.  

 

The main effect ej of factor j is the average change in the response due to moving factor 

j from it “−” level to its “+” level while holding all other factors fixed. This average is taken 

over all combinations of the other factor levels in the design. It is important to realize 

that a main effect is computed extrapolate beyond this unless other conditions (no 

interactions, as we shall see) are satisfied.  

 

For the 23 factorial design of Table 1, the main effect of factor 1 is thus  

e1 =  [(R2 – R1) + (R4 – R3) + (R6 – R5) + (R8 – R7)] / 4. 

Note that at design points 1 and 2, factors 2 and 3 remain fixed, as they do at design 

points 3 and 4, 5 and 6, as well as 7 and 8. The main effect of factor 2 is 

e2 =  [(R3 – R1) + (R4 – R2) + (R7 – R5) + (R8 – R6)] / 4,  

and that of factor 3 is  

e3 =  [(R5 – R1) + (R6 – R2) + (R7 – R3) + (R8 – R4)] / 4. 

 

The above expressions for the ej’s lead to an alternative way of defining main effects, as 

well as a simpler way of computing them. Namely, ej is the difference between the 
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average response when factor j is at its “+” level and the average response when factor 

j is at its “−” level. Thus, to compute ej we simply apply the signs in the “Factor j” column 

to the corresponding Ri’s, add them up, and divide by 2k-1. (In other words, if we 

interpret the “+” and “−” in the design matrix as +1 and −1, respectively, we take the dot 

product of the “Factor j” column with the “Response” column and then divide by 2k-1.) 

For example, in the 23 factorial design of Table 1, 

e1 = (– R1 + R2– R3 + R4– R5 + R6– R7 + R8) / 4, 

which is identical to the earlier expression for e1. So the main effects measure the 

average change in the response due to a change in an individual factor, with this 

average taken over all possible combinations of the other k-1 factors (numbering 2k-1).  

 

Example 1. A company that sells a single product would like to decide how many items 

it should have in inventory for each of the next n months. Let s be the reorder point and 

d be the order quantity. It means that if the inventory level I at the beginning of the 

month is less than s, then d items will be ordered; otherwise, there will be no order. Our 

experimental factors are s and d and our interest is in how they affect the expected 

average total operating cost. The “low” and “high” levels we chose for these factors are 

given in Table 2. 

 

Table 2. 22 factorial design matrix 

Factor − + 

s 20 60 

d 10 50 

  

The design matrix and corresponding response variables are given in Table 3, where 

response Ri is the average total cost per month from a single 120-month replication. 
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Table 3. Example design matrix 

Factor 
combination 
(Design point) 

 
s 

 
d 

 
Response 

1 − − 141.86 
2 + − 141.37 
3 − + 112.45 
4 + + 146.52 

 

The main effects are  

es  = (−141.86 + 141.37 −−−− 112.45 + 146.52) / 2 = 16.79 

and 

ed  = (−141.86 −−−− 141.37 + 112.45 + 146.52) / 2 = −12.13. 

Thus, the average effect of raising s from 20 to 60 was to increase the monthly cost by 

16.79, and raising d from 10 to 50 decreased the monthly cost by an average of 12.13. 

Therefore, it appears that the smaller value of s and the larger value of d would be 

preferable, since lower monthly costs are desired.                                                              

 

Since the Ri’s are random variables, the effects are also random. To find out whether 

the effects are “real”, as opposed to being explainable by random fluctuation, we must 

estimate their variances. Several methods could be used; a very simple approach for 

simulation experiments is just to replicate the whole design n times and obtain n 

independent values of each effect. These can then be used to form approximate 100(1-

α) percent confidence intervals for the expected effects E(ei) using the t distribution with 

n-1 df. If the confidence interval for a particular effect does not contain zero, we 

conclude that this effect is real; otherwise we have no statistical evidence that it is 

actually present. As usual, larger values of n reduce confidence-interval width, making it 

easier to resolve that an effect is real. We must also bear in mind that statistical 

significance of an effect does not necessarily imply that its magnitude is practically 

significant. 

 

While factorial designs can provide valuable assistance in understanding a complicated 

simulation model, they do have their limitations. In order to interpret the main effects in 
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a literal way, we must assume that the expected response can be expressed as a 

simple linear function of the factors, and thus in particular assume that there are no 

interactions. Thus, if interactions are present, we cannot just use the main effects by 

themselves to interpolate or extrapolate the response values for other factor levels, but 

should consider the nonlinear cross-product terms. 

  

 

 

 

 

 

 




